This paper studies how non-Gaussian shocks a¤ect risk premia in DSGE models approximated to second and third order. Based on an extension of the results in Schmitt-Grohé & Uribe (2004) to third order, we derive propositions for how rare disasters, stochastic volatility, and GARCH a¤ect any risk premia in a wide class of DSGE models. To quantify these e¤ects, we then set up a standard New Keynesian DSGE model where total factor productivity includes rare disasters, stochastic volatility, and GARCH. We …nd that rare disasters increase the mean level of the 10-year nominal term premium, whereas a key e¤ect of stochastic volatility and GARCH is an increase in the variability of this premium.
Introduction
Macroeconomic models often struggle to explain the dynamics of asset prices and their related risk premia. The early work by Mehra & Prescott (1985) , Mark (1985) , and Backus, Gregory & Zin (1989) illustrate this for the equity premium, the foreign exchange risk premium, and the term premium, respectively. Much work have subsequently tried to improve the standard consumption endowment model along these dimensions. The paper by Campbell & Cochrane (1999) extend the model with consumption habits and heteroscedastic shocks, whereas Bansal & Yaron (2004) emphasize the importance of Epstein-Zin-Weil preferences and stochastic volatility in consumption growth. Another interesting extension is due to Rietz (1988) and Barro (2006) who also rely on non-Gaussian shocks as they incorporate rare disasters into the basic framework.
These improvements of the consumption endowment model are all successful at reproducing several key moments of asset prices.
A second strand of the literature tries to explain the same asset pricing moments in fully speci…ed Dynamic Stochastic General Equilibrium (DSGE) models. The objective in these models is to provide further economic insight into the dynamics of asset prices through general equilibrium e¤ects. Important contributions are Jermann (1998) , Boldrin, Christiano & Fisher (2001) , Chari, Kehoe & McGrattan (2002) and more recently Wu (2006) , Uhlig (2007) , De Paoli, Scott & Weeken (2007) , Hordahl, Tristani & Vestin (2008) , Rudebusch & Swanson (2009) , and Bekaert, Cho & Moreno (2010) . It is interesting to note that all these studies only consider Gaussian shocks when specifying structural disturbances. This is contrary to the aforementioned literature based on endowment economies which rely heavily on non-Gaussian shocks. Moreover, the exclusive focus on Gaussian shocks when studying asset prices in DSGE models also goes counter to recent …ndings suggesting that structural innovations may be non-Gaussian (see Fernández-Villaverde & Rubio-Ramírez (2007) , Justiniano & Primiceri (2008) , Bloom (2009 ), Fernández-Villaverde, Guerrón-Quintana, Rubio-Ramírez & Uribe (2010 , among others).
The contribution of this paper is to close this gap in the literature and study how nonGaussian shocks in DSGE models a¤ect risk premia. This is done for the general class of DSGE models considered in Schmitt- Grohé & Uribe (2004) when these models are solved by second and third order perturbation approximations around the deterministic steady state.
The third order terms are of great economic interest because they allow for time-varying risk premia as observed in the data (see for instance Campbell & Shiller (1991) ). Schmitt-Grohé & Uribe (2004) derive the solution to all second order terms and we extend their results to third order. These analytical formulas are useful because they provide key insights into how non-Gaussian shocks a¤ect the approximated solution. Similar insights are hard to establish when approximations to DSGE models are computed in a high-level programming language like Mathematica (see Swanson, Anderson & Levin (2005) , Arouba, Fernández-Villaverde & Rubio-Ramírez (2005) , Rudebusch & Swanson (2009) , among others).
Based on the general formulas for second and third order terms in DSGE models, we then analyze how non-Gaussian shocks in general a¤ect risk premia in these models. Given the aforementioned extensions of the standard endowment model, we choose to explore e¤ects of rare disasters, stochastic volatility, and conditional heteroscedasticity modelled by GARCH. Our key …ndings are as follows. Firstly, the presence of rare disasters does not a¤ect risk premia in a second order approximation and only change the level of risk premia at third order. Secondly, modelling time-varying uncertainty by stochastic volatility and GARCH do not generate timevarying risk premia in a second order approximation. This is because all second moments remain constant at the approximation point even with these extensions. Thirdly, when DSGE models are solved up to third order, stochastic volatility and GARCH may a¤ect the level of risk premia, and these processes may generate additional variation in risk premia. We emphasize that these properties hold for all DSGE models belonging to the considered class and for any risk premia -i.e. whether it relates to equities, bonds, exchange rates, etc.
To explore the quantitative e¤ects of non-Gaussian shocks, we then examine how rare disasters, stochastic volatility, and GARCH in productivity shocks a¤ect the 10-year nominal term premium in an otherwise standard New Keynesian DSGE model solved to third order. We …nd that the chosen speci…cation of rare disasters can have substantial e¤ects on the level of the term premium and values of skewness and kurtosis for several macro variables. However, rare disasters hardly a¤ect the standard deviation of most macro variables. We also …nd that stochastic volatility can generate sizeable variation in the term premium without distorting the model's ability to match a key number of macro economic moments. A decomposition shows that stochastic volatility makes this premium more volatile by increasing the variation in the quantity of risk. Hence, our DSGE model has the same key feature as many …nance models; a higher uncertainty level raises the term premium through an increase in the quantity of risk (see Cox, Ingersoll & Ross (1985) , Dai & Singleton (2002) , among others). We also …nd that the considered speci…cation of stochastic volatility does not change the mean level of the term premium. The e¤ects of GARCH are slightly di¤erent from those generated by stochastic volatility.
In particular, GARCH increases both the mean level and the variability of the term premium.
A decomposition shows that these e¤ects arise from a higher and more volatile market price of risk. It is further shown that GARCH a¤ects the variability of consumption growth but not the variation in in ‡ation and interest rates.
From our analysis we therefore conclude that non-Gaussian shocks can have substantial e¤ects on risk premia in DSGE models. In particular, non-Gaussian shocks may generate more realistic and less puzzling dynamics for risk premia without compromising the ability of the models to match other moments.
The rest of this paper is organized as follows. Section 2 introduces the setup considered in Schmitt-Grohé & Uribe (2004) , and section 3 derives analytical expressions for all third order terms in this class of DSGE models. The general expression for risk premia is studied in section 4 where we also analyze the e¤ects of innovations with non-symmetric distributions (i.e. rare disasters), stochastic volatility, and GARCH for risk premia. A standard New Keynesian model is considered in section 5 to explore the quantitative e¤ects of these shock speci…cations for the 10-year nominal term premium. Concluding comments are provided in section 6. Unless stated otherwise, all proofs are deferred to a technical appendix available from the author's web page or on request.
The general model
Following Schmitt-Grohé & Uribe (2004), we consider models with equilibrium conditions of the form
where E t is the conditional expectation given information available at period t. The state vector
x t has dimension n x 1, and the vector y t with dimension n y 1 contains all the control variables. Here, n x + n y n. The function f takes elements from R ny R ny R nx R nx into R n , and we assume that this mapping is at least three times di¤erentiable in the deterministic steady state.
This point is de…ned by = 0 and values of (x ss ; y ss ) which imply f (y ss ; y ss ; x ss ; x ss ) = 0.
The vector x t is partitioned as h x 0 1;t x 0 2;t i 0 where x 1;t contains endogenous state variables and x 2;t contains exogenous state variables. The dimensions of these vectors are n x 1 1 and n x 2 1, respectively, where n x 1 + n x 2 = n x . It is further assumed that
where t+1 has dimension n 1 and is independent and identical distributed with mean zero and covariance matrix I. That is, t+1 s IID (0; I). The function takes elements from R nx 2 into R nx 2 and is required to be at least three times di¤erentiable in the deterministic steady state. Moreover, all eigenvalues of @ =@x 2;t evaluated in the deterministic steady state must have modulus less than one. Finally, 0 and~ is a known matrix with dimension n x 2 n As observed by Schmitt-Grohé & Uribe (2004) , the solution to this model is given by
The function g maps elements from R nx R + into R ny whereas h takes elements from R nx R + into R nx . Both functions are unknown and assumed to be at least three times continuous di¤erentiable at the deterministic steady state.
A third order approximation
Substituting (3)- (4) into (1) gives
For simplicity, we omit the time subscript and use a prime to denote variables in period t + 1.
A third order approximation to g and h is stated in the appendix. The …rst and second order derivatives of g and h at the deterministic steady state are computed in Schmitt- Grohé & Uribe (2004) . We now derive the expression for all third order terms using the fact that derivatives of F (x; ) are zero. Computing these third order terms is greatly simpli…ed by the fact that only linear systems need to be solved as noted by Judd & Guu (1997) .
Computing the third order terms
We start by computing g xxx and h xxx which is done from the third derivative of F (x; ) with respect to x and evaluated in the deterministic steady state. This gives
= 0 for i = 1; 2; :::; n and 1 ; 2 ; 3 ; = 1; 2; :::; n x . Here, we apply the tensor notation as in SchmittGrohé & Uribe (2004) . The expression for
is stated in the appendix and depends on g x , h x , g xx , h xx along with …rst, second, and third order derivatives of f . It is important
is known and di¤erent from zero. Hence, the linear system in (7) with (n y + n x ) n x n x n x equations in as many unknowns is straightforward to solve and implies that g xxx and h xxx are non-zero matrices.
The terms g x and h x can be found by di¤erentiating F (x; ) twice with respect to and once with respect to x. Evaluated at (x ss ; 0) we get
for i = 1; 2; :::; n and 3 = 1; 2; :::; n x . From the expression of b 2 i 3 in the appendix we see that its value is known and non-zero. The latter follows from the fact that second moments of t+1 are non-zero which also ensure that g and h are non-zero (see Schmitt-Grohé & Uribe (2004) ). As a result, the linear system in (8) with (n y + n x ) n x equations in the same number of unknowns allow us to solve for g x and h x which in general are non-zero matrices. Hence, a third order approximation to g and h imply a correction for uncertainty in terms which are linear in the state vector x. As we will show in the next section, this is the uncertainty correction which generates time-variation in risk premia.
Proceeding in a similar manner, the values of g xx and h xx are given by
= 0 for i = 1; 2; :::; n and 2 ; 3 = 1; 2; :::; n x . This linear system of (n y + n x ) n x n x equations in as many unknowns is homogenous and it therefore follows that g xx = 0 and h xx = 0. Hence, a third order approximation to g and h does not imply a correction for uncertainty in terms which are quadratic in the state vector x.
Finally, the derivatives g and h are determined by
for i = 1; 2; :::; n. From the expression of b 3 i in the appendix, we …rst note that b 3 i = 0 if all innovations have symmetric distributions, i.e. all unconditional third moments are zero. In this case, the linear system in (10) is homogenous and we therefore have g = 0 and h = 0.
However, if some innovations have non-symmetric distributions, then b 3 i may be di¤erent from zero and g and h may therefore also be di¤erent from zero. Innovations with this property are widely used in the literature which uses rare disasters to explain asset pricing puzzles (see Rietz (1988) , Barro (2006) , Gabaix (2008) , Barro (2009) , among others). Hence, when we allow for rare disasters in DSGE models, the constant terms in a third approximation may require a further correction for uncertainty than implied by the second order terms g and h .
This …nding is contrary to the conjecture made in Schmitt-Grohé & Uribe (2004) We summarize the key results from this section in the following theorem:
Theorem 1 For the class of models in (1)-(2) approximated around the deterministic steady state, it holds that g xx = 0 and h xx = 0. If all innovations have symmetric distributions, then g = 0 and h = 0.
Implementation of the derived formulas
The derived formulas are implemented in a set of Matlab functions which are publicly available on the author's web page or on request. The structure of these codes are explained in the appendix.
We test our derived formulas and their implementation on three examples. Firstly, our codes reproduce the third order terms for the neoclassical growth model computed in the software program Mathematica by Aruoba et al. (2006) . Secondly, we also replicate the third order The use of symbolic manipulations and solution algorithms for linear systems in Mathematica minimizes the risk of errors, and we therefore consider the two set of Mathematica codes as very reliable benchmarks.
Thirdly, our codes also reproduce the third order terms in the model by Lucas (1978) which Tsionas (2003) solves in closed form for innovations with arbitrary distributions. The correctness of our codes is veri…ed in the case with Gaussian distributed innovations and innovations of the form u t 1 t where t is exponential distributed with a mean value of 1. The latter speci…cation is interesting because the third moment is 2 and leads to a non-zero value of g .
All three tests leave support for the derived formulas and their implementation.
Theoretical results for risk premia
We …rst present the general expression for all risk premia at third order in section 4.1. The following three sections then apply our theoretical results from section 3 to study how innovations with non-symmetric distributions, stochastic volatility, and GARCH processes a¤ect risk premia in DSGE models approximated up to third order. Innovations with special fourth or …fth moments are not discussed, because only second and third moments of the innovations a¤ected the approximated solution at third order as shown in the previous section.
The expression for risk premia at third order
We start by considering the general expression for all risk premia in DSGE models approximated up to third order around the deterministic steady state. The value of this risk premia is denoted P t and could be equity risk premia, term premia, or exchange rate risk premia. The absence of uncertainty at the steady state means that all risk premia are zero in the approximation point.
This further implies that derivatives solely with respect to the state vector, i.e. P x ; P xx , and P xxx , are also zero as these terms do not capture e¤ects of uncertainty. 2 On the other hand, derivatives with respect to the perturbation parameter account for the presence of uncertainty and may therefore be non-zero for risk premia. As a result, all risk premia in a third order approximation around the deterministic steady state have the general form
for 2 ; 3 = 1; 2; :::; n x .
Innovations with non-symmetric distributions
This section examines how risk premia are a¤ected by innovations with non-symmetric distributions, for instance due to rare disasters as in Barro (2006) . The second order approximated solution is independent of third order moments as shown in Schmitt-Grohé & Uribe (2004) .
We therefore have trivially that innovations with non-symmetric distribution do not a¤ect risk premia at second order.
For a third order approximation, the results in Schmitt-Grohé & Uribe (2004) imply P = 0
and P x = 0 and our Theorem 1 gives P xx = 0. Hence, the expression for risk premia is given by
Theorem 1 also implies that P = 0 when all third moments of the innovations are zero, otherwise P 6 = 0. Accordingly, the mean value of risk premia is a¤ected by the constant 1 6 P 3 when DSGE models have innovations with non-symmetric distributions. Our formulas in section 3 also show that such distributions do not a¤ect the value of P x because this term only depends on second moments of the innovations. Hence, for a given variance of x t , innovations with non-symmetric distribution do not a¤ect the variability of risk premia which is determined by the term
3 . Accordingly, accounting for rare disasters as in Barro (2006) a¤ects the mean level of risk premia but does not generate additional variability in risk premia when DSGE models are solved up to third order. 3 We summarize these results in the following proposition:
Proposition 1 In a second order approximation, innovations with non-symmetric distributions do not a¤ ect risk premia.
Proposition 2 In a third order approximation, innovations with non-symmetric distributions a¤ ect the level of risk premia but they do not, for a given variance of x t , a¤ ect the variability of risk premia. This section brie ‡y presents their speci…cation of stochastic volatility before deriving the implication of such processes for risk premia in DSGE models. Justiniano & Primiceri (2008) use a speci…cation where an exogenous process a t evolves according to ln a t+1 a ss = a ln a t a ss + a;t+1 a;t+1 ;
Stochastic volatility
and a;t s N ID (0; 1). In the present discussion, we let a t denote the level of productivity and a ss is the steady state level of a t . The di¤erence from the standard log-normal process in the speci…cation by Justiniano & Primiceri (2008) is that the conditional volatility a;t in (13) 
where ;t s N ID (0; V ar ( ;t )). The innovations a;t+1 and ;t+1 are assumed to be mutually independent at all leads and lags.
A potential problem with stochastic volatility in our framework in (1)- (2) is that a;t+1 do not enter linearly in (13) as a;t+1 is scaled by the state variable a;t+1 . However, it straightforward 3 Rare disasters may in a fourth order approximation generate additional variation in risk premia because P x may be non-zero.
to …nd an equivalent representation of (13) where a;t+1 enters linearly and therefore …ts into our framework. The representation we consider is given by
where v t = 1 in the steady state. To see that (15) and (16) are equivalent to (13), …rst lead (15) by one period and insert (16). This gives ln a t+1 a ss = a;t+1 a a;t a;t+1
Form (15), ln at ass = a;t = ln v t and (17) therefore simpli…es to (13) as claimed. This alternative representation implies that the non-linearity in (13) is moved from the innovations to the local persistency coe¢ cient in the auxiliary process ln v t , and the processes (15) and (16) therefore …t into our framework. 4 Returning to the implication for risk premia, the results in Schmitt-Grohé & Uribe (2004) imply P = 0 and P x = 0, and we therefore have in a second order approximation that
The value of P is a linear combination of the second moments to the structural innovations in DSGE models (see Schmitt-Grohé & Uribe (2004) ). Stochastic volatility adds additional state variables and innovations to the model, and this may therefore a¤ect the value of P .
That is stochastic volatility may a¤ect the level of risk premia. We also note that stochastic volatility does not generate time-variation in risk premia at second order because P x = 0.
This may at …rst appear surprising because risk premia is a combination of second moments and one could therefore expect that changing the conditional second moments by stochastic volatility would give time-varying risk premia. The reason that this intuitive explanation does not carry through is because all second moments are constant at our approximation point even with stochastic volatility, and the level correction P therefore remains constant. In other words, a second order approximation does not capture this e¤ect for risk premia of time-varying second moments.
For a third order approximation, Theorem 1 in section 3 implies the following expression for 4 It is straightforward to show that the alternative speci…cations of stochastic volatility considered in Andreasen (2010) can be reexpressed in a similar manner. Note also that transformations of shock processes are widely used when DSGE models are solved numerically. For instance, the well-known log-normal process at+1 = a risk premia
when some innovations have non-zero third moments, otherwise P = 0 and the expression reduces accordingly. We note that the term P may change if stochastic volatility induces additional innovations with non-symmetric distributions. As mentioned above, stochastic volatility adds the conditional volatilities to the state vector and this induces more terms in
3 . In our case, a;t is an additional state variable which appears as an extra
Hence, also the variability of risk premia may be a¤ected by the presence of stochastic volatility in DSGE models when a third order approximation is used.
We summarize the results from this section in the next two propositions:
Proposition 3 In a second order approximation, stochastic volatility may a¤ ect the level of risk premia but it does not generate time-variation in risk premia.
Proposition 4 In a third order approximation, stochastic volatility may a¤ ect the level of risk premia and it may generate additional time-variation in risk premia.
GARCH processes
Following the work of Bollerslev (1986) , GARCH processes have emerged as a popular way to specify conditional heteroscedasticity. This section describes how GARCH processes can be introduced in DSGE models before deriving their implications for risk premia.
We consider the implementation of the widely used GARCH(1,1) model with Gaussian distributed innovations. 
where a;t s N ID (0; 1). 6 As in the standard log-normal speci…cation of a t without GARCH, we maintain the log-transformation of a t in (19) to ensure positivity of the technology level.
Contrary to stochastic volatility, the conditional volatility in a t+1 is in a GARCH process determined based on information in period t. The law of motion for 2 t in (20) follows the speci…cation adopted in Bollerslev (1986) . Here, a;ss ; 1; 2 0 are required to ensure non-negativity of 2 a;t , and wide-sense stationarity of 2 a;t requires 1 + 2 < 1.
Using the same type of argument as in section 4.3, an alternative representation of (19) 
This equivalent representation shows that the GARCH process …ts into our framework as the innovation a;t+1 only enters linearly in (22). We also note that the GARCH(1,1) process for a t induces a;t , a;t 1 , and v t 1 as additional state variables.
Based on this alternative representation of GARCH, we clearly have for risk premia that P = 0 and P x = 0 due to the results in Schmitt- Grohé & Uribe (2004) . That is, for a second order approximation risk premia is given by
The GARCH process adds additional state variables to the model and GARCH may therefore a¤ect the value of P and hence the level of risk premia. More importantly, however, GARCH does not generate time-varying risk premia at second order because P x = 0. This may seem counter-intuitive because risk premia is a combination of second moments and GARCH generates time-variation in these moments. However, all second moments are constant at our approximation point even with GARCH, and the level correction P therefore remains constant. Hence, a second order approximation does not capture this e¤ect in risk premia of time-varying second moments.
For a third order approximation, Theorem 1 in section 3 implies the following expression for risk premia
when some innovations have non-zero third moments, otherwise P = 0 and the expression reduces accordingly. The additional state variables caused by the presence of GARCH induce
, and GARCH may therefore a¤ect the variability of risk premia.
The results from this section are summarized in the following two propositions:
Proposition 5 In a second order approximation, GARCH may a¤ ect the level of risk premia but it does not generate time-variation in risk premia.
Proposition 6 In a third order approximation, GARCH may a¤ ect the level of risk premia and it may generate additional time-variation in risk premia.
Quantitative e¤ects for nominal term premia
This section examines the quantitative e¤ects of innovations with non-symmetric distributions (i.e. rare disasters), stochastic volatility, and GARCH for the nominal term premia in a standard New Keynesian DSGE model solved to third order. We describe the model in section 5.1 and discuss its calibration in section 5.2. The following three sections examine the e¤ects for the 10-year nominal term premium of introducing rare disasters, stochastic volatility, and GARCH into productivity shocks.
A New Keynesian model
We consider a standard New Keynesian model extended with Epstein-Zin-Weil preferences as introduced by Epstein & Zin (1989) and Weil (1990) . These preferences are included because Rudebusch & Swanson (2009) show that they help an otherwise standard DSGE model generate a more realistic nominal term premium.
Households: Following Rudebusch & Swanson (2009) , the value function V t for the representative household be given by
with 2 ]0; 1[ and 2 Rn f1g. As in Binsbergen, Fernandez-Villaverde, Koijen & RubioRamirez (2010) , the periodic utility function is assumed to be
where 2 Rn f1g and 2 [0; 1]. Here, c t and n t denotes consumption and labor supply, respectively. The speci…cations in (26) and (27) imply that the intertemporal elasticity of substitution is given by 1= (1 (1 )). A measure of the relative risk aversion which accounts for the leisure decision is ( + (1 )) according to Swanson (2010) . Hence, the value of controls the degree of relative risk aversion whereas and determine the size of the intertemporal elasticity of substitution.
The budget constraint for the household is given by
where M t;t+1 is the nominal stochastic discount factor, x t is state-contingent claims, t is in ‡a-tion, w t is the real wage, and d t is a lump-sum transfer.
The …rms: Final output is produced by a perfectly competitive representative …rm which uses a continuum of intermediate goods y t (i) and the production function
with > 1. This implies
where the aggregate price level is given by
All intermediate …rms produce a slightly di¤erential good using
where k and n t (i) denote physical capital and labor services of the i'th …rm, respectively. The variable a t represents exogenous stationary technology shocks speci…ed below. We use z t to capture a deterministic trend in technology, meaning that z;t z t =z t 1 and z;t = z;ss for all t. Intermediate …rms maximize the net present value of future pro…t when setting the optimal level of n t (i) and p t (i). Following Rotemberg (1982) , we assume quadratic price adjustment costs controlled by 0, and the i'th …rm therefore solves 
where r t is the continuously compounded nominal rate and R;t+1 s N ID (0; V ar ( R;t+1 )).
Similar to Justiniano & Primiceri (2008) , the output gap in our speci…cation is measured in terms of output in deviation from the balanced growth path for output.
Aggregation: Simple aggregation implies y t = z t a t k n 1 t because all intermediate …rms are identical. The presence of a government sector is speci…ed in a standard way by letting g t z t units of output being used for public consumption in every period. The value of g t is exogenously
given by
where g;t+1 s N ID (0; V ar ( g;t+1 )). Following Rudebusch & Swanson (2009) we also assume that kz t units of output is used in every period to maintain the …xed capital stock. As a result, the aggregate resource constraint is
Technology shock: The model is closed by specifying an exogenous process for technology, a t . Our benchmark is the log-normal process where
and a;t+1 s N ID (0; V ar ( a;t+1 )). The three alternative speci…cations of a t we consider in this paper are as follows. The …rst deals with non-symmetric innovations (i.e. rate disasters) where a t evolves as in (35) but a;t+1 is given by e a;t+1 = ( N (0; 1) with probability 1 p ' with probability p ;
where a;t+1 = e a;t+1t+1 E (e a;t+1t+1 ) p V ar (e a;t+1t+1 ) :
Hence, negative values of ' induce innovations with negative tails, and vice versa for positive values of '. Our second speci…cation considers the case where technology shocks display stochastic volatility as described in section 4.3. The …nal speci…cation analyzes the case where technology evolves as in section 4.4 and a GARCH(1,1) process controls the conditional volatility in technology.
Calibration and benchmark results
The model is calibrated to match …rst and second moments for consumption growth, in ‡ation, the 3-month nominal interest rate, the 10-year nominal interest rate, and the 10-year nominal term premium. 7 Our calibration is fairly standard and summarized in Rudebusch & Swanson (2009) . Given these values for , , and , the relative risk aversion is 58; 6 when using the measure stated in the previous section.
Secondly, is assigned a relatively high value of 0:9995 to get a su¢ ciently low mean value for the 3-month nominal interest rate. Our calibration implies a mean value of 5:82% in annual terms which is close to the empirical mean of 5:59%. Although the value of may appear relatively high, the e¤ective discount factor in the Euler-consumption equation is
(1 ) 1 z;ss = 0:9919 due to the deterministic trend in technology and hence fairly standard.
Thirdly, we set the coe¢ cient for the quadratic price adjustment costs to 260 which for a linearization of the model corresponds to a Calvo coe¢ cient of 0:75. 9
< Table 1 about here > The …rst two columns in Table 2 show empirical moments and simulated moments for our benchmark model, respectively. We see that the model is fairly successful in matching the standard deviations for consumption growth, in ‡ation, and the two interest rates. The model is also able to produce a sizeable slope for the nominal term structure of 97 basis points, although this value is somewhat lower than the empirical value of 140 basis points. The model struggles when it comes to explaining the variation in the 10-year term premium std (P t;40 ) which is only 2 basis points in the model compared to 54 basis points in the data. The benchmark model in Rudebusch & Swanson (2009) displays a similar shortcoming.
< Table 2 about here >
Rare disasters in technology shock
We use the work by Barro (2006) on rare disasters to calibrate the shape of the non-symmetric distribution in (36). Barro (2006) estimates disasters to happen with a probability of 1:7% every population in the US. The annual in ‡ation rate is for consumer prices. The 3-month nominal interest rate is measured by the rate in the secondary market (TB3MS), and the 10-year nominal rate is taken from Gürkaynak, Sack & Wright (2007) . As in Rudebusch & Swanson (2009) , observations for the 10-year interest rate from 1961Q2 to 1971Q3 are calculated by extrapolation of the estimated curves in Gürkaynak et al. (2007) . Finally, the …rst and second moments for the 10-year nominal term premium are from Rudebusch & Swanson (2009) . 8 The 10-year nominal term premium in our model is computed by the di¤erence between the 10-year interest rate and the yield to maturity on the corresponding risk neutral bond where payments are discounted by the risk free rate instead of the stochastic discount factor.
9 It is straightforward to show for a linearized model that the general relationship between the Rotemberg parameter and a Calvo parameter p; giving an average duration of prices of
. Note that the presence of a deterministic trend and decreasing returns to scale in the production function (see Galí (2008) ) modify the relation between and p as stated in Keen & Wang (2007) . year which in our quarterly model corresponds to p = 0:0043. The value of ' is initially set as in Barro (2006) to generate a reduction of 0:29 in technology, which in Barro's model gives an equivalent reduction in output.
The third column in Table 2 shows that this calibration of rare disasters hardly changes the standard deviations for consumption growth, in ‡ation, and the two interest rates. A notable e¤ect appears for the mean slope of the term structure which increases from 97 basis points in the benchmark model to 172 basis points. This increase is generated by lowering the mean level of the 3-month rate (from 5:82% to 5:30%) and by increasing the mean level of the 10-year rate (from 6:79% to 7:02%). The economic intuition behind these results are as follows. A positive probability of a large reduction in consumption during a disaster leads the household to increase its level of precautionary saving. The household therefore requires a lower compensation for postponing consumption, and this explains the lower mean level for the 3-month interest rate.
Investing in the 10-year nominal bond becomes even more risky with the presence of disasters because such an event generates high in ‡ation which erodes the real value of this bond when its payo¤ is most needed to maintain a smooth consumption pro…le. This lowers the equilibrium price level for the 10-year bond which is equivalent to a higher interest rate. The presence of rare disasters is further seen to increase the 10-year term premium from 1:08 to 1:81 basis points. The variation in this premium is, however, not a¤ected in a third order approximation to our model. As for the higher order moments, we see that rare disasters increase skewness and kurtosis for consumption growth, in ‡ation, and the two interest rates far beyond the values implied by a Gaussian distribution. Another calibration of rare disasters is to account for the fact that a disaster typically lasts for several periods and not just for one period as initially assumed. In our second calibration, we therefore assume that a disaster lasts for 5 years. Accounting for the trend in output of 1:005 per quarter, a disaster then reduces output by roughly 40% when compared to the trend level of output over a 5 year period. Column 5 in Table 2 shows that the e¤ects of rare disasters in this calibration are less pronounced. The value of all standard deviations are hardly a¤ected compared to the benchmark model, and the slope and term premium for the 10-year rate only increase by 7 and 6 basis points, respectively. This second calibration broadly matches skewness and kurtosis for consumption growth whereas these moments for in ‡ation and the two interest rates are too low compared to their empirical values.
Overall, we conclude that the presence of rare disasters in DSGE model can have substantial e¤ects on the level of the term premium along with skewness and kurtosis for consumption growth, in ‡ation, and interest rates. However, rare disasters hardly a¤ect the standard deviations of these macro variables.
Stochastic volatility in technology shock
We use the estimation results in Justiniano & Primiceri (2008) to calibrate the process for the stochastic volatility in technology. They …nd V ar ( ;t ) to be around 0:01 2 and assume a = 1.
We initially choose the same value for V ar ( ;t ) but let a = 0:99 to get a highly persistent but stationary process for a;t .
Comparing the second and third columns in Table 3 , we see that many of the moments are not a¤ected by the presence of stochastic volatility. The only notable di¤erence is for the standard deviation in the 10-year term premium which increases from 2 basis points in the benchmark model to 14 basis points. The mean value of this premium is, however, not a¤ected by stochastic volatility.
To further explore the e¤ects of stochastic volatility, we next increase the conditional variance of a;t to 0:03 2 . This leads to a slight increase in the variance of consumption growth, in ‡ation, and the two interest rates when compared to the benchmark model. The mean level for the 10-year term premium and the slope of the 10-year term structure are still unchanged by stochastic volatility. A key di¤erence, however, is a sizeable increase in the standard deviation of the 10-year term premium from 2 basis points in the benchmark model to 40 basis points. The corresponding sample moment in the data is around 56 basis points, so stochastic volatility clearly brings the model closer to the data along this dimension. Hence, the inability of the benchmark model to generate su¢ cient variability in the term premium may be due to the omission of time-varying uncertainty in productivity shocks. We also note from Table 3 that this explanation is consistent with the fourth moments in consumption growth, in ‡ation, and the two interest rates, because stochastic volatility increases kurtosis for these variables and also brings these moments closer to the data.
The …nal column in Table 3 considers the benchmark model with the same unconditional variance in technology as in the model with the second calibration of stochastic volatility. We observe that the increase in the variability of the 10-year term premium and the higher values of kurtosis are not present in this version of the benchmark model. This means that these properties of the model are generated by stochastic volatility and not by the slightly higher variance in technology as induced by our calibration of stochastic volatility.
< Table 3 about here > To explain the reactions in the economy when a volatility shock in technology hits the economy, it is useful to apply the terminology from …nance where risk premia are decomposed into a 'market price of risk'and a 'quantity of risk'. Following Cochrane (2001) , we de…ne the market price of risk M P R t in period t by M P R t = V ar t (M t;t+1 ) =E t (M t;t+1 ) :This means that the term premium P t mechanically can be decomposed as
where Pt M P Rt then is the quantity of risk. Table 4 shows mean values and standard deviations for V ar t (M t;t1 ), the market price of risk, and the quantity of risk. We see that stochastic volatility does not change the mean level of the market price of risk, whereas the mean level for the quantity of risk increases slightly (from 0:157 to 0:165). Larger e¤ects appear for the standard deviations in the market price of risk, which increases from 0:0009 in the benchmark model to 0:0072 with the second calibration of stochastic volatility. That corresponds to a 8 fold increase. The largest and most notable e¤ect, however, is the increase in the standard deviation for the quantity of risk which increases from 0:0049 in the benchmark model to 0:3302 with our second calibration of stochastic volatility. This constitutes a 67 fold increase. Hence, the large standard deviation for the term premium in our model with stochastic volatility is primarily driven by a more volatile quantity of risk. This …nding is similar to the implications from classical …nance models such as Cox et al. (1985) and Dai & Singleton (2002) , where an increase in the uncertainty level increases the term premium through a higher quantity of risk.
< Table 3 about here > Impulse responses following a volatility shock in technology are reported in Figure 1 . We …rst note that an increase in the uncertainty about the productivity level lowers consumption.
This e¤ect arises from the precautionary saving channel as the risk averse household builds up a larger bu¤er stock during periods of higher uncertainty. As a result, the household requires a lower compensation for postponing consumption, and we therefore observe a fall in the 3-month interest rate. The higher uncertainty level also generates an increase in the 10-year term premium, mainly due to an increase in the quantity of risk, and we therefore see a rise in the 10-year interest rate. Hence, a positive volatility shock in technology increases the slope of the term structure as the household requires a lower compensation for holding bonds with short maturities and a higher compensation for holding bonds with long maturities. Another interesting observation is that consumption falls and the term premium rises after a volatility shock in technology. This shock therefore helps the model generate counter-cyclical variation in the term premium as typically observed in the data.
< Figure 1 about here > To summarize, we …nd that stochastic volatility in technology shocks can generate sizeable variation in the 10-year term premium without distorting the ability of the model to match a key number of macro economic moments. However, the considered speci…cation of stochastic volatility does not a¤ect the mean level of this premium.
GARCH in technology shock
The GARCH(1,1) process in technology is calibrated to mimic the speci…cation of stochastic volatility for a;t in the previous section. To get a high degree of persistency in a;t , we let the GARCH-coe¢ cient 1 be 0:95. Two values are considered for the ARCH-coe¢ cient, 2 = 0:01 and 2 = 0:04. Table 4 shows the e¤ects of adding GARCH to our benchmark model. In our …rst calibration with 2 = 0:01 (column 3) we observe an increase in the standard deviations for consumption growth, in ‡ation, and the two interest rates when compared to the benchmark model. The mean slope of the term structure increases from 97 to 115 basis points, and we see a similar increase in the mean of the 10-year term premium (from 108 to 122 basis points). The standard deviation in this premium is still quite low (4 basis points), and all values of skewness and kurtosis are hardly a¤ected given this calibration of GARCH.
In our second calibration where 2 = 0:04, the standard deviations of consumption growth, in ‡ation, and the two interest rates increases further as shown in column 4 of Table 4 . The mean slope of the 10-year term structure almost doubles from 97 in the benchmark model to 216 basis points. A similar increase is observed in the 10-year term premium which is 199 basis points in this calibration. We also see a sizeable impact on the standard deviation of the term premium which increases to 22 basis points. The corresponding empirical moment is around 54 basis points, so GARCH brings the benchmark model closer to the data along this dimension.
When interpreting these results it is important to note that GARCH increases the standard deviation of technology from 0:0378 in the benchmark model to 0:0437 in the second calibration.
It is therefore interesting to see how much of the impact from GARCH is due to the larger variability in technology. Column 5 in Table 4 addresses this question by displaying moments for our model without GARCH but with a higher variance in technology. We see that the greater variability in technology can explain some of the increase in the standard deviation of consumption growth and all of the additional variation in in ‡ation and the two interest rates.
However, the higher variability in technology only explains about 25% of the increase in the mean slope of the 10-year term structure and about 40% of the increase in the mean level of the 10-year term premium. More importantly, the variability in the term premium is hardly a¤ected by the larger variance of technology, and this means that basically all of the additional variation in the term premium is due to GARCH. We therefore conclude that the considered speci…cation of GARCH has an independent impact on the level and the variability of the term premium in our model.
< Table 4 about here >
Our results indicate that the e¤ect of GARCH di¤er from those of stochastic volatility. Most importantly, GARCH a¤ects the mean level of the premium (contrary to stochastic volatility), and GARCH has in general a smaller impact on the variability of the 10-year term premium when compared to stochastic volatility. The decomposition of the term premium in Table 3 illustrates another di¤erence between the two methods to model conditional volatility in technology shocks.
We see that GARCH increases the mean level for the market price of risk (from 0:017 to 0:043) and lowers the mean level for the quantity of risk (from 0:157 to 0:117) when compared to the benchmark model. Recall that stochastic volatility does not change the level for the market price of risk and marginally raises the mean quantity of risk. Secondly, GARCH increases the variability of the market price of risk and lowers the variation in the quantity of risk. The latter …nding is di¤erent from the case with stochastic volatility.
The explanation for the di¤erent e¤ects of stochastic volatility and GARCH is a follows.
Consider the version of our model with GARCH and a sizeable negative shock to the technology level. This causes a large reduction in consumption and an increase in the conditional volatility of technology in the …rst period after the shock. The high value of the GARCH-coe¢ cient and the absence of negative innovations to a;t imply that the conditional volatility in technology is high for many periods after the shock. The latter constitutes a risk to the household because the higher volatility increases the probability of another big negative technology shock and hence a further reduction in consumption. We see broadly the opposite e¤ects following a positive technology shock, although the conditional volatility also increases in this case. However, the risk of these two events does to balance out because the risk adverse household is mostly concerned with the …rst event. As a result, the household requires a higher compensation for entering into …nancial investments than without GARCH. The same mechanism is not present with stochastic volatility because the volatility level is not automatically high when consumption is low. This feature explains why the market price of risk is higher and more volatile with GARCH than with stochastic volatility.
Impulse response functions for a positive technology shock with GARCH are shown in Figure   2 . On impact the conditional volatility in technology is unchanged, and we therefore have the well-known e¤ects of a positive technology shock, i.e. lower nominal interest rates and an increase in consumption. Note also the small decrease in the term premium on impact. In the next period, the conditional volatility increases and this raises the term premium. Hence, we see a positive relationship between consumption and the term premium. Following a negative technology shock, which generates a reduction in consumption, we observe a similar increase in the conditional volatility and an increase in the term premium (not shown). Accordingly, GARCH does not generate additional counter-cyclical variation in the term premium because both negative and positive shocks to technology increase the conditional volatility.
< Figure 2 about here > To summarize, the presence of GARCH in technology shocks increases the mean level and the standard deviation of the 10-year term premium. For a given variance in technology shocks, we also …nd that GARCH a¤ects the variability of consumption growth but not the variability of in ‡ation and interest rates.
Conclusion
This paper analyzes the e¤ects of non-Gaussian shocks for risk premia in DSGE models approximated to second and third order. Based on an extension of the results in Schmitt- Grohé & Uribe (2004) to third order, we derive propositions for how rare disasters, stochastic volatility, and GARCH a¤ect any risk premia in a wide class of DSGE models. Our key …ndings are as follows. Firstly, the presence of rare disasters does not a¤ect risk premia when DSGE models are solved up to second order, and rare disasters only change the level of risk premia at third order. Secondly, modelling time-varying uncertainty by stochastic volatility and GARCH do not generate variation in risk premia when the model is solved up to second order. Thirdly, for DSGE models approximated up to third order, stochastic volatility and GARCH may a¤ect the level and the variability of risk premia.
The paper also examines the quantitative e¤ects of non-Gaussian shocks in a standard New Keynesian DSGE model where productivity features rare disasters, stochastic volatility, and GARCH. Here, focus is devoted to the 10-year nominal term premium and a third order approximation to the model. We …nd that the considered speci…cation of rare disasters can have substantial e¤ects on the level of the term premium and values of skewness and kurtosis for several macro variables. However, rare disasters hardly a¤ect the standard deviation of these macro variables. We also …nd that stochastic volatility can generate sizeable variation in the term premium without distorting the model's ability to match a key number of macro economic moments. The presence of GARCH in technology shocks is found to increase the mean level and the standard deviation of the term premium. For a given variance in technology shocks, we also …nd that GARCH a¤ects the variance of consumption growth but not the variance of in ‡ation and interest rates.
Although this paper settles with studying the quantitative e¤ects of non-Gaussian shocks in technology, it would also be interesting to see how rare disasters, stochastic volatility, and GARCH in other structural shocks a¤ect the nominal term premium and other risk premia.
Another possibility would be to explore the quantitative e¤ects of non-Gaussian shocks in various extensions of the standard New Keynesian model. We leave these and other questions for future research.
A The third order approximation
The third order approximation to g and h at the deterministic steady state is given by
for 1 = 1; 2; :::; n y , 1 = 1; 2; :::; n x , and 1 ; 2 ; 3 = 1; 2; :::; n x . Following Schmitt-Grohé & Uribe (2004), we apply the tensor notation to simplify the summations. The expressions in (38) and (39) have been simpli…ed in two ways. Firstly, Young's theorem implies that the order of di¤erentiation with respect to x and is irrelevant when partial derivatives of g and h are continuous. Secondly, only non-zero …rst and second order derivatives of g and h are included in (38) and (39).
B Constants for the third order terms 
for i = 1; 2; :::; n and 1 ; 2 ; 3 = 1; 2; :::; n x .
B.2 The expression for
[h ] 1 for i = 1; 2; :::; n and 3 = 1; 2; :::; n x :
We introduce the notation that
where m 3 ( 0 ( 1 )) denotes the third moment of t+1 ( 1 ) for 1 = 1; 2; :::; n . Notice that m 3 ( 0 ) has dimensions n n n . Then:
for i = 1; 2; :::; n.
B.4 Matlab implementation
Our implementation extends the one provided by Schmitt-Grohé & Uribe (2004) for DSGE models approximated up to second order. That is, the user only needs to provide the set of equilibrium conditions in the function f (y t+1 ; y t ; x t+1 ; x t ) and values of y t and x t in the deterministic steady state, i.e. (y ss ; x ss ). The function Anal_derivatives:m then computes all required analytical derivatives of f up to third order using the Symbolic Toolbox in Matlab. Given the steady state values (y ss ; x ss ) and the structural coe¢ cients, the function num_eval_3rd.m then computes the numerical values of these derivatives. The functions gx_hx:m, gxx_hxx.m, and gss_hss.m by Schmitt-Grohé & Uribe (2004) are used to compute the …rst and second order derivatives of g and h. All third order derivatives of g and h are …nally computed by the function g_h_3rd:m.
If the user in relation to estimation or sensitivity analysis requires to solve the model many times, then it is computationally faster to print the analytical derivatives of f into a function and evaluate them as real matrices. That is the user can settle with only di¤erentiating the same model once. The script Display_matlab.m is useful in this context because it allows the user to print the analytical derivatives of f into a text-…le.
The output from for the …rst and second order terms are stored as in Schmitt-Grohé & Uribe (2004) . For the third order terms, the matrices g xxx and h xxx have dimensions n y n x n x n x and n x n x n x n x , respectively. Here, g xxx ( 1 ; 1 ; 2 ; 3 ) = [g xxx ] 1 1 2 3 and h xxx ( 1 ; 1 ; 2 ; 3 ) = [h xxx ] 1 1 2 3 for 1 = 1; 2; :::; n y and 1 ; 1 ; 2 ; 3 = 1; 2; :::; n x , where the arguments for g xxx and h xxx index the elements in these matrices. Similarly, g x and h x have dimensions n y n x and n x n x , respectively, and g Impulse responses for a one standard deviation shock to technology when the model is approximated up to third order. The e¤ects for the two interest rates, the 10-year term premium, and consumption are expressed in annualized percentage deviation from the steady state. The level of technology and the volatility in technology are expressed in percentage deviation from the steady state. The calibration for the GARCH process is 1 = 0:95 and 2 = 0:04. All the remaining parameter values are as stated in Table 1 . 
